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Abstract: A multi-layer model is used to calculate time-dependent sediment
velocity and concentration vertical profiles. This model, in which the differences
in sediment transport at different distances from the bed are considered is intended
both for the wave motion and steady flow. Numerical calculations were carried
out for sediment transport during the wave crest and trough and total sediment
transport as a sum of their absolute values. The model concept of variation in
shear stress from the skin stress value above the bed to the stress value at the bed
previously proposed for steady flow is extended here for the wave motion and
verified by direct stress measurements. The calculations were carried out for
mixed sand sediments with different grain size distributions including semiuniform and poorly sorted grains. Comparison with the available small- and large
-scale data from flumes and oscillating tunnels yields agreement typically within
plus/minus a factor two of measurements.
Keywords: wave motion, steady flow, sediment transport, transport during
the wave crest and trough

1. Introduction
There are several works representing a multi-phase approach to sediment
transport modelling. Berzi and Fraccarollo (2016) present an interesting description of multilayer sediment transport for steady flow, based on the granular gases
theory for the particle phase and the turbulent mixing length approach for the
fluid phase. Hsu et al. (2004) present a two-phase sediment transport description,
developed for strong turbulent shear flows over mobile beds.
© 2021. Author(s). This work is licensed under a Creative Commons
Attribution 4.0 International License (CC BY-SA)
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Many recent works present a probabilistic approach to bedload
transport, in which the motion of particles is modelled on the basis of probability density functions for velocities and grain accelerations, as well as grain path
lengths and travel times (e.g. Furbish et al. 2012). However, Lagrangian modelling, although very precise and capable of determining exact paths of separate
particles, is less effective when large datasets are considered. Therefore, DAM
(Double-Averaging Methodology) methods are employed (e.g. Vowinckel et al.
2017a and 2017b).
The majority of models for wave-induced sediment transport calculate
sediment transport at specified grain mobility conditions as averaged over the
wave period. Although the quasi-steady approach may give reasonable predictions of the net sediment transport, many researchers (Van Rijn et al. 2007a,
2007b, 2007c, 2007d, Briganti et al. 2018) found, that unsteady behavior of the
oscillatory flow significantly influences the sediment concentration and the
resulting net transport. Both velocity and sediment concentration vary in time,
being not necessarily in phase with each other. Hence, the prediction of sediment transport is a complex problem. The most advanced theoretical models
(Hsu et al. 2004, Kaczmarek et al. 2004, Silva et al. 2006, Cheng et al. 2017), as
well as experimental investigations (Ribberink & Al-Salem 1995, Cloin 1998,
O’Donoghue & Wright 2004a, Dohmen-Janssen & Hanes 2002, Hassan & Ribberink 2003, van der A. et al. 2010, Schretlen 2012, Kaczmarek et al. 2015)
describe the unsteady sediment transport by equations for wave-induced sediment velocities and concentrations.
The concept of vertical shear stress variation, recently introduced by
Kaczmarek et al. (2019) for steady flow is extended here for a wave motion.
The proposed description of vertical shear stress variation is also verified here
by comparison of the numerical calculation results of the maximum shear stress
at the bed during the wave period versus the results of direct stress measurements (Rankin & Hires 2000, Jiang & Baldock 2015). In order to explain the
model modification a short discussion of the basic model equations and the
calculation procedure are included in this paper. Further, like the previous numerical calculations for the wave motion, the present calculations are not limited to the resulting net sediment transport. Here, a multi-layer approach is used
to calculate both progressive and reverse sediment transport streams with a full
vertical structure of instantaneous concertation and velocity. The calculations
were carried out for different grain size distributions. The calculation results
were compared with the wave data including acceleration-skewed oscillatory
flows and flows described by Stokes’ first and second approximations.
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2. Description of the multi-layer model
The multi-phase approach is used in present model. Considering a different
physical processes that rule sediment transport at various distances above an
immobile bed. The specification of layers up to water surface elevation is proposed as follows (Fig. 1): a dense layer with immobile Coulomb friction sublayer and upper dense mobile sublayer dominated by grain collisions. Further,
a contact layer, in which particle collisions and turbulent lift cooperate in momentum exchange and suspended sediment zone.
Under conditions of high grain mobility the transport of concentrated
sediment takes place at the entire layer of the dense mixture, in the form of
a grain flow with a specific velocity and concentration profile. Under conditions
of low grain mobility, the active layer is reduced to the upper sublayer, consisting of single grains being rolled and dragged over the bed surface, as in a typical bedload regime. Since it is assumed that both water and grains move in both
regions (i.e. at the mobile dense layer and in the layer of suspended sediment),
therefore, there must be a transitional zone between these two regions, in which
both instantaneous velocity and concentration profiles of each fraction of the
sediment mixture (Fig. 1a) and the shear stress profile (Fig. 1b) represent continuous shape. This transition zone is called the contact layer after Kaczmarek et
al. (2004), Kaczmarek et al. (2017) and Kaczmarek et al. (2019).

Fig. 1. Vertical structure of: a – instantaneous sediment transport (during the wave
period) with velocity and concentration of the i-th fraction of sediment;
b – the instantaneous shear stress profile of the i-th fraction of sediments
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The suspended sediment zone is divided into inner and outer flow regions. The inner flow region is characterized by a logarithmic velocity profile.
The outer region of pure suspension is characterized by a very small concentration, where the process of sediment distribution may be considered as a convective or diffusive process. In contrast, the dense layer is characterized by very
high concentrations, where inter-granular resistance is predominant.
The following mechanism of transmission of a tractive shear stress from
the fluid to the immobile bed is proposed both for the wave motion and steady
flow. The declining part of particle stresses in the upper dense sublayer is transferred directly to the moving grains. The increasing residual part as the rateindependent component is transferred further to the fixed bed. The concept of
shear stress variation proposed originally for steady flow (Kaczmarek et al. 2019)
is extended here for a wave motion. Shear stress increases from the skin stress
value above the bed to the maximum value at the bed, and then, the viscous part
of this stress decays in the bed. However, while the skin shear stress above the
bed as an input data is identified with the value obtained from experiments at
steady flow conditions, it must be calculated in the case of wave flow.
It is assumed (after Kaczmarek et al. 2004), that in the moving layer of
densely concentrated sediments, all sediment fractions move at the velocity
equal to the velocity of the mixture (at specified elevation). Therefore, it is assumed that interactions between the sediment fractions are so strong, that the
finer fractions are slowed down by the thicker ones and all the fractions are
characterised by the same vertical instantaneous velocity 𝑢 𝑧 , 𝑡 and concentration 𝑐 𝑧 , 𝑡 distributions. The model also takes into account, that the most
intensive sorting of sediment occurs in the grain scattering process in the contact layer and in turbulent flow region, which brings the sediment into suspension. In the contact layer, instantaneous velocities 𝑢 (𝑧, 𝑡) and concentrations
𝑐 (𝑧, 𝑡) vary for individual fractions, due to turbulent fluid pulsations and chaotic collisions of grains.
The instantaneous grain stress components 𝜏 (𝑧, 𝑡) of individual sediment fractions, which are all related to grain movement throughout the entire
contact layer, change from zero at the upper boundary of the contact layer to the
maximum value at the upper boundary of the dense layer (Fig. 1b). Hence, the
maximum stresses during the wave period representative of the sediment mixture may vary from the stresses 𝜏 at the upper boundary of the contact layer to
𝜏 at the top of the dense layer. The maximum stresses 𝜏 during the wave
period at the upper boundary of the contact layer are the sum of skin shear
stresses 𝜏 and stresses 𝜏 , averaged over the depth, which result from grain
movement across the entire contact layer. The skin shear stresses 𝜏 (𝑡) =
𝑢 (𝑡), where ρ is the density of water, and 𝑢 (𝑡) is the friction velocity, are
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described here by the logarithmic profile with the skin hydraulic roughness,
ksi= 2,5di/30. They are calculated by the Fredsøe (1984) model.

3. Basic equations and calculation procedure
Temporary profiles of the velocity u (z , t) and concentration c (z , t) in the
dense layer are calculated using the equations Eq. (1) and Eq. (2) in a system of
coordinates with the vertical axis z directed downwards (Fig. 1a):
𝛼
𝛼

𝑠𝑖𝑛 𝜑 𝑠𝑖𝑛 2 𝜓 + 𝜇

(1 − 𝑠𝑖𝑛 𝜑 𝑐𝑜𝑠 2 𝜓) + 𝜇

=𝜏

=

𝜏

+ (𝜌 − 𝜌) 𝑔

(1)
𝑐 𝑑𝑧′

(2)

where 𝜏 (𝑡) = 𝑢 (𝑡); 𝑢
is the friction velocity at the top of the dense
layer; α0 = constant = 𝜌 gd; d = dr = d50 where dr is the representative diameter
for sediment mixture; cm = 0.53 is the maximum concentration of the bed sediment; c0 = 0.32 is the concentration of sediment at the upper limit of the dense
layer;  = 24.4° is the quasi-static angle of internal friction; Ψ= angle between
the major principal stress and the horizontal axis:
𝜓= −

(3)

μ2, μ1 = functions of concentration, described (after Sayed and Savage 1983) as
𝜇 =

.
(

) .

𝜌 𝑑 and 𝜇 =

.
(

) .

𝜌𝑑

(4)

The stresses 𝜏 (𝑡) at the top of the dense layer are calculated by the integral model by Fredsøe (1984) using the results of a calculation procedure for
maximum shear stress during the wave period describes by the Eq. (8-10).
The first component on the left-hand side of Eq. (1) describes the shear
stress relation for plastic stresses, while the second component represents "viscous" stresses. Similarly, the first element on the left-hand side of Eq. (2) describes the normal stress relation for plastic stresses, while the second element
describes normal "viscous" stresses. The combination of these stresses makes it
possible to model both stresses related to the collision of grains, which disappear deeper into the dense mobile sublayer, and the residual part of stresses due
to the tight inter-granular adherence, which increases deeper into the dense immobile sublayer as a rate-independent component.
Assuming that settling of sediment balances the vertical exchange and
the momentum exchange balances the shear stress, following Deigaard (1993)
and Kaczmarek et al. (2004) a set of two differential equations is proposed to
determine the instantaneous concentration and velocity profiles for the i-th sediment fraction in the contact layer:
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𝛼
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∗

(5)
(6)

where wsi = settling velocity of the i-th fraction of sediment; cM = added hydrodynamic mass coefficient; cD = 1.0 is a drag coefficient; l = mixing length equal
to κz; κ = von Karman’s constant, which is around 0.40; s = s/ is the relative
density; s is the density of sediments; (s+cm) = 3.0. Coefficients i = i are
calculated by an iteration procedure, assuming the equality of the calculated
sediment velocity ui(z,t) and the logarithmic flow velocity at the upper limit of
the boundary layer at the time of the maximum skin shear stresses during the
wave period.
To calculate the instantaneous sediment transport intensity, the instantaneous concentration and velocity profiles of the i-th fraction of the sediment
are calculated in individual layers using the system of equations Eq. (1) and Eq.
(2) for the dense layer and the system of equations Eq. (5) and Eq. (6) for the
contact layer. Then, the instantaneous sediment transport rate for the i-th sediment fraction is calculated by integrating the instantaneous vertical streams
throughout the entire flow region:
𝑞 (𝑡) =

𝑢 (𝑧 , 𝑡) 𝑐 (𝑧 , 𝑡)𝑑𝑧 +

𝑢 (𝑧 , 𝑡) 𝑐 (𝑧 , 𝑡)d𝑧 +

|𝑢 (𝑧, 𝑡)|𝑐 (𝑧, 𝑡)𝑑𝑧 +
|𝑢 (𝑧, 𝑡)|𝑐 (𝑧, 𝑡)d𝑧

|𝑢 (𝑧, 𝑡)|𝑐 (𝑧, 𝑡)𝑑𝑧 =
(7)

where 𝛿 / , is the thickness of the wave boundary layer, 𝛿 and 𝛿 are the
thicknesses of the contact layer and the inner layer, respectively.
The instantaneous sediment transport is calculated only for the wave
boundary layer. This is because it can be expected outside this layer (according
to Kaczmarek et al. 2004), that transport of sediment depends only on the average velocity during the wave period (Fig. 1a), which is equal to zero in pure
wave motion. The knowledge of the instantaneous sediment transport intensity
for the i-th sediment fraction allows to calculate sediment transport for all sediment fractions.
It is worth noting that all sediment fractions in the dense layer move at
a velocity equal to the velocity of the mixture. This assumption allows to take
into account the hiding and exposure effects which can affect the transport rates
of sediment grain fractions in the dense layer. Coarser sediments in the mixture
are more exposed to the flow, whereas thinner sediments are hiding among the
coarser ones.
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Following the idea by Kaczmarek et al. (2019), the three mobile-bed effect parameters are introduced:
𝛾 =

=

(8)

In order to find the parameters 𝛾 it is assumed that sediment transport
in the dense and contact layers, calculated for maximum relative shear stresses
during the wave period, can be compared to values calculated by the MeyerPeter and Müller (1948) semi-empirical formula (MPM).
Then, the following equation is postulated (Kaczmarek et al. 2019):
𝑞 𝜌𝛾 𝑢

=

+ 𝑞 𝜌𝑢

(𝑠 − 1)𝑔𝑑

(9)

The parameter  = 0 in Eq. (9) is sought by the iterative method. The
value 𝑞 denotes sediment transport in the grain collision sublayer caused by
the shear stresses 𝜏 , whereas 𝑞 denotes sediment transport in the contact
layer caused by the shear stress 𝜏 . The right-hand side of Eq. (9) expresses
sediment transport described by the MPM formula:


= 8(𝜃 − 𝜃 )

.

where 𝜃 =

(

)

(10)

The non-dimensional critical stresses 𝜃 are assumed to be constant
over the contact layer thickness (Fig. 1b) and equal to 0.05.
4. Calculation results against measurements
The calculations of γ0 (Fig. 2) were carried out for King’s (1991) experiments,
for both sine waves and asymmetrical waves, characteristic for waves described
by Stokes’ second approximation and for acceleration-skewed waves. King's
(1991) experiments were performed for three grain diameters: d = 0.135 mm,
0.44 mm and 1.1 mm.
Comparison of the calculated 𝛾 with the results of experiments by Rankin and Hires (2000) for d = 0.23 mm and by Jiang and Baldock (2015) for
d = 0.22 mm and 2.83 mm shows that there are no major differences between the
calculated and measured values, although there are clear differences between
results for Stokes’ approximations and results for skewed waves. The calculated
values of 𝛾 for skewed waves are smaller than those for the waves described by
Stokes’ first approximation (sine wave) and Stokes’ second approximation
(asymmetrical wave). This difference (of up to 0.75 𝛾 for d = 1.1 mm, 0.8 𝛾 for
d = 0.44 mm and 0.65 𝛾 for d = 0.135 mm) occurs regardless of the grain diameter, although the calculated values of 𝛾 are not smaller than the values measured
by Jiang and Baldock (2015) for the diameter d = 2.83 mm (Fig. 2).
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Fig. 2. Comparison of calculated 𝛾 for sine waves and asymmetrical waves described
by Stokes’ approximations (St) and skewed waves (SW) from the experiment by King
(1991) (K) with measurement data for γ0 by Jiang and Baldock (2015) (JB) and Rankin
and Hires (2000) (RH)

Fig. 3a compares calculated and measured values of the total sediment
transport 𝑞 . The data used for comparison come from measurements in fullscale oscillating tunnels with well-sorted semi-uniform sediments. Those measurements were carried out both for asymmetrical waves described by Stokes’
second approximation (Ribberink & Al-Salem 1995, Hassan & Ribberink 2003)
and for acceleration-skewed waves (van der A. et al. 2010).
The experimental data used for comparison (Fig. 3b) also come from
full-scale oscillating tunnels (Cloin 1998, Hassan & Ribberink 2003), but with
poorly sorted sediments. It can be seen that the present model reproduces the
measured values of the total sediment transport 𝑞 and 𝑞 within plus/minus
a factor of two of measurements, regardless of the wave shape. The model also
maps the values of the measured total transport 𝑞 due to acceleration-skewed
waves almost perfectly (Fig. 3a) when the bed is built of well-sorted, almost
homogeneous sediment. It is worth noting that even great discrepancies in net
sediment transport do not result in significant differences between calculated
and measured values of total sediment transport 𝑞 and 𝑞 . Agreement within
plus/minus a factor of two of measurements is achieved.
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Fig. 3. Comparison of calculated and measured values of: a – total sediment transport 𝑞
for well-sorted semi-uniform sediments; b – total sediment transport 𝑞 and qti for
poorly sorted sediments; RA: Ribberink and Al-Salem (1995), HR: Hassan and
Ribberink (2003), AOR: van der A. et al. 2010), C: Cloin (1998), StII – Stokes second
approximation, SW – Skewed waves
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Fig. 4, also compares calculated and measured values of 𝑞 . Here, the
experimental data come from small-scale flumes (Kaczmarek 2004, Kaczmarek
et al. 2015) and full-scale flumes (Schretlen 2012, Dohmen-Janssen & Hanes
2002), where both the effect due to the presence of bed forms (Kaczmarek
2004, Kaczmarek et al. 2015) and the streaming effect (Schretlen 2012,
Dohmen-Janssen & Hanes 2002) on sediment transport are expected.

Fig. 4. Comparison of calculated and measured values of the total sediment transport 𝑞
(Ka: Kaczmarek 2004, KSB: Kaczmarek et al. 2017, S: Schretlen 2012, DJH: DohmenJanssen & Hanes 2002). StI: Stokes’ first approximation, StII: Stokes’ second
approximation

These effects can influence the modelled sediment transport mainly in
the inner layer. They are not considered in the present model. This is the cause
of the discrepancy between the experimental and modelled results. However, for
the calculated total sediment transport, agreement within plus/minus a factor of
two of measurements is achieved. The consistency of the results does not depend on the scale of experiments (full-scale or small-scale). The measurements
analysed include those for symmetrical waves described by Stokes’ first approximation (Kaczmarek 2004, Kaczmarek et al. 2015) and those for asymmetrical
waves described by Stokes’ second approximation (Schretlen 2012, DohmenJanssen & Hanes 2002).
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5. Conclusions
The comparison of numerical calculations of total sediment transport with
measurements indicates that the multi-layer model reproduces measured values
within plus/minus a factor of two, regardless of the wave shape. The calculations were carried out for any grain size distribution of bed sediments, including
well-sorted semi uniform and poorly sorted grains. Even great discrepancies in
net sediment transport values for fine sediments do not result in significant differences between the calculated and measured values of total sediment
transport. Then, the consistency of total sediment transport within plus/minus
a factor of two of measurements is still achieved. The model also maps the values of the measured total transport almost perfectly when the bed is built of
well-sorted, almost homogeneous sediment.
The comparison of numerical calculations with measurements shows
that the multi-layer model can be applied to a very wide range of grain mobility
conditions, including both non-intensive sediment transport and fully developed, intensive sediment transport under sheet flow conditions. To obtain
a solution, only few measurable parameters are needed as input, and no additional calibration is needed. The above features make the model of potential
engineering interest.
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